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Abstract This paper studies the possibility of improving
the convergence of ab initio free energy perturbation (FEP)
calculations by developing customized force fields with the
adaptive force-matching (AFM) method. The ab initio FEP
method relies on a molecular mechanics (MM) potential to
sample configuration space. If the Boltzmann weight of the
MM sampling is close to that of the ab initio method, the
efficiency of ab initio FEP will be optimal. The difference
in the Boltzmann weights can be quantified by the relative
energy difference distribution (REDD). The force field
developed through AFM significantly improves the REDD
when compared with standard MM models, thus improving
the convergence of the ab initio FEP calculation. The static
dielectric constant ¢, of ice-Ih was studied with PW-91
through ab initio FEP. With a customized force field
developed through AFM, we were able to converge & to
80 + 4 with 3,600 configurations. A similar ab initio FEP
calculation with the TIP4P model would require 220 times
more configurations to achieve the same accuracy. Our
study indicates that the PW-91 functional underestimates
ice-Th ¢ by about 20%.
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1 Introduction

In a sense, accurate determination of potential energy
surfaces (PESs) of molecular systems can be considered a
solved problem. With a sufficiently high level of correla-
tion and a large enough basis set, post-Hartree—Fock (post-
HF) methods such as many-body perturbation theory [1-5],
configuration interaction [6-8], and coupled cluster (CC)
[9, 10] can, in principle, provide arbitrarily high accuracy
within the Born-Oppenheimer approximation. In practice,
however, most post-HF methods scale as high-order poly-
nomials of system size, and accurate PES determination
quickly becomes computationally intractable.

Recent advances in computational chemistry have gone
a long way toward reducing the computational cost of
post-HF methods. For example, variants of the MP2
method [2, 4, 11] such as RI-MP2 [12, 13] and LMP2
[14-16] have been made so efficient that systems with a
few hundred atoms can be described with reasonable
computational cost. However, for even larger systems or
for systems that require higher order treatment of corre-
lation, one would have to resort to density functional
theory (DFT).

DFT provides a good trade-off between cost and accu-
racy [17-19]. Relying on a mean field approximation
similar to Hartree—-Fock, DFT produces surprisingly high
accuracy for a wide range of problems and has become the
de facto standard to obtain PESs for systems that are
computationally intractable with more rigorous post-HF
treatments. Due to the simplicity of the DFT formalism,
near-linear scaling computational cost is a real possibility
[20-25]. The popular Kohn-Sham DFT implementations
can model systems with around one thousand atoms;
methods such as orbital-free DFT [17, 26-29] and other
variants have been applied to even larger systems.

@ Springer



Page 2 of 11

Theor Chem Acc (2012) 131:1146

In addition, DFT has been used to drive molecular
dynamics sampling, although the time scale that can be
achieved by DFT-based molecular dynamics is typically
limited to tens of picoseconds. Sampling any non-trivial
configuration space at nano-second time scale or longer
with an electronic-structure method is likely to remain a
significant challenge for years to come.

In this paper, we explore the possibility of using the
recently proposed adaptive force-matching (AFM) method
to parameterize a customized potential to best reproduce
the PES of an electronic-structure method [30-34]. The
AFM potential will be used to perform sampling on the
electronic-structure-quality PES. This approach signifi-
cantly extends the time scale that can be sampled with
electronic-structure PES. The configurations sampled with
the AFM force field will be used to calculate ensemble
properties using the ab initio free energy perturbation
(FEP) approach [35-38]. We demonstrate that such an
approach is much more efficient than performing ab initio
FEP with a non-customized molecular mechanics (MM)
potential.

Philosophically, our AFM method bears some resem-
blance to the work by Ischtwan and Collins [39], where a
potential energy surface sampled from a MM potential is
successively improved by additional electronic-structure
calculations. However, the Collins approach never repara-
metrizes the MM potential used for sampling.

In Sect. 2, we provide a brief introduction of the AFM
method; in Sect. 3, we briefly review the ab initio FEP
method; in Sect. 4, we demonstrate the use of an AFM
force fields with ab initio FEP to calculate the static
dielectric constant of ice-Ih; a summary will be provided in
Sect. 5.

2 The adaptive force-matching method

The AFM method is designed to parameterize an otherwise
general-purpose force field to a set of thermodynamic
conditions related to the investigation of one specific
problem. A typical MM force field is composed of rather
simple energy expressions. These force fields are often
required to be transferable so that they can model a range
of molecules under different thermodynamic conditions.
Due to the simplicity of the energy expressions, requiring a
force field to be transferable will lead to compromises in
accuracy. When the force field parameters are required to
be balanced for all conditions, they cannot provide optimal
accuracy for any one condition.

Because molecular interactions are dictated by compli-
cated quantum mechanical forces between the elec-
trons and between the electrons and nuclei, modeling
these quantum interactions accurately with a transferable
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potential is extremely challenging. In the context of force
field development, these quantum interactions are typically
classified into more intuitive physical concepts. A very
short and incomplete list includes the various types of
molecular orbital interactions, polarization, dispersion,
charge transfer, exchange-repulsion, and charge penetra-
tion [40-50]. Capturing all these quantum mechanical
interactions through MM is a grand challenge that is
extremely difficult to solve. It is likely that once all
quantum mechanical interactions are represented appro-
priately, a truly transferable and accurate MM force field
may be as computationally demanding as an electronic-
structure method.

Fortunately, modeling any one specific problem requires
only a small variety of molecules to be simulated under a
limited number of thermodynamic states. The philosophy
of AFM is to generate problem-specific force fields. AFM
is designed to adapt an otherwise general-purpose force
field to answer one specific question with the best possible
accuracy. Within the limitation of simple force field
expressions, AFM achieves better accuracy by sacrificing
transferability. For example, if the melting temperature of
ice-Ih is to be determined, the AFM force field will be
required to describe water interactions around the melting
point in both the liquid and the solid phases. Being able to
describe water interactions in a hydrophobic environment
or at higher temperatures is irrelevant for ice melting and
therefore not necessary for that force field to model.

When designing a problem-specific force field, the
answer to the question being addressed should not be fitted.
In fact, no experimental properties are fitted in the AFM
approach. Our published works only fit atomic forces and
molecular forces and torques from electronic-structure
calculations. AFM uses an iterative mechanism to create a
training set that is most representative of the target con-
figuration space. AFM also provides a mechanism to adjust
the cost of the electronic-structure calculations allowing
the least expensive electronic-structure method for a
desired accuracy to be used [30]. Previous realizations of
AFM utilize the singular value decomposition (SVD)
method to obtain parameters [51, 52]. SVD guarantees the
global minimum of the objective function to be identified
but is restricted to the use of linear parameters in the force
field. Fortunately, most standard force field terms can be fit
using just linear parameters.

Starting from an initial guess force field, a typical AFM
study is composed of three steps:

The sampling step: In the sampling step, the guess force
field is used to sample the configuration space most rele-
vant to the question under investigation. If the configura-
tion space is difficult to transverse, an enhanced sampling
method can be applied to ensure proper sampling of all
important basins in free energy. If the force field is
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expected to model several state points, an independent
sampling can be performed for each state point. Configu-
rations from all the state points will be fed to the next step.

The ab initio step: Taking configurations from the
sampling step, quantum mechanics (QM) or QM/MM
calculations will be performed to obtain reference forces
for subsequent fitting. Published work from our group has
mostly focused on using QM/MM methods in the ab initio
step [30-32, 34]. The use of QM/MM allows post-HF
methods to be used for the QM region. The accuracy of the
QM forces can be judged by performing convergence tests
with regard to the size of the QM region, the level of
theory, and the basis set [31]. Convergence tests can pro-
vide information for minimizing the computational cost of
QM/MM calculations while maintaining the desired accu-
racy. The maximum accuracy achievable by the force field
can be established by calculating the root mean square
error (RMSE) of the fit in the fitting step. Since the max-
imum accuracy is frequently bottlenecked by the quality of
the energy expressions, performing QM/MM calculations
with a quality much higher than that provided by the
energy expressions is not necessary.

The fitting step: After QM forces are obtained, the force
field will be parameterized to best reproduce the QM for-
ces. This can be accomplished with a two-step process by
minimizing the molecular force RMSE,

Fae = S FEY Y (e — )’
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in the first step and the atomic force RMSE,
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in the second step.

In the first step, only intermolecular parameters are
being determined. In the last term of Eq. 1, g,, is the
product of charges on atoms u and v; this term is included
to ensure charge neutrality when SVD is used to fit Eq. 1
[31, 53]. Since SVD can only fit linear parameters, only
products of charges can be fit. The partial charges are
solved using a system of nonlinear equations from the
knowledge of charge products. w; and u; in Eq. 1 are rel-
ative weights, and we typically use
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where s; is the solvation parameter chosen to be one for
molecules buried in the QM region and zero for molecules
at the interface [32]. The solvation parameters are used to
remove QM/MM interface molecules from the fit; the
forces on QM molecules at interface are influenced by the
presence of nearby MM particles and are not a good
reflection of the true QM PES. The sum of square forces
and square torques is used in Egs. 3 and 4 to make the
molecular force and torque terms in Eq. 1 dimensionless.

In the second step, the intramolecular parameters are
optimized to make the sum of the intramolecular forces,

fit : fit
intram» and the intermolecular forces, f, . ,,» best reproduce

the reference QM forces fr°!. rﬁ;lem is calculated using the
intermolecular parameters obtained in the first step, and s,
is the solvation parameter.

We prefer a two-step fitting procedure, because it is
more important for a force field to provide a good
description of intermolecular interactions when compared
with intramolecular interactions. A two-step fitting pro-
cedure should not be considered to be set in stone. One
could imagine all parameters to be fit in one step with
appropriate weights applied to intermolecular and intra-
molecular terms. For protein molecules, one could con-
sider fitting inter-residue forces and intra-residue forces
separately.

If possible, we prefer to use the SVD method to fit the
force field parameters. As mentioned previously, the SVD
method guarantees the global minimum of the objective
function to be obtained. On the other hand, SVD requires
the forces to be linear functions of the parameters. To date,
we have been able to fit harmonic, quartic, and Morse bond
terms, harmonic and quartic angle terms, harmonic cosine
dihedral terms, Lennard-Jones interactions, and a hydro-
gen-bond terms with SVD [30-34]. The only term we fit
nonlinearly is the exponential parameter in a Buckingham
potential.

After the fitting step, the forces produced by the new
force field will better represent the QM forces. With the
improved accuracy, the new force field will lead to better
sampling and will improve the quality of the QM/MM
calculations in the ab initio step. When QM/MM calcula-
tions are performed in the ab initio step, the improved MM
parameters will provide a better representation of the true
electrostatic environment for the QM region through
Coulombic embedding.

Each iteration of these three steps will be referred to as a
generation of AFM. Several generations of AFM will be
performed until convergence is reached. Typically, addi-
tional generations are run even after convergence to allow
all the QM forces from all the converged generations to be
fit together in a global fit. The objective of the global fit is
to reduce the error bar on the final parameters.
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3 Ab initio free energy perturbation method

The free energy perturbation (FEP) method was intro-
duced by Zwanzig [54] in 1954. Assuming an ensemble
of configurations governed by a Hamiltonian H, is sam-
pled, the FEP approach allows thermodynamic properties
of a different ensemble governed by Hamiltonian H, to be
determined by reweighing the configurations sampled
with H,. Although the FEP approach is most frequently
used to calculate the free energy of a different Hamilto-
nian [55, 56], as outlined in the original Zwanzig paper, it
is applicable to any thermodynamic property that can be
determined from the partition function. One popular
application of FEP is the ab initio FEP approach [35-38].
In ab initio FEP, the H, for sampling is an MM force
field. Thermodynamic properties associated with an
electronic-structure Hamiltonian H, can be calculated by
reweighting each configuration in the MM partition
function by exp[(Ug — Ua)/kgT], where U, is the con-
figuration energy according to the electronic-structure
method and Uf is the configuration energy of the force
field [57].

Due to the exponential factor in the weight, FEP will not
converge with any practical sample size unless the differ-
ence between the two Hamiltonians is sufficiently small.
The difference between the two Hamiltonians can be
judged by studying the distribution of Ug — Ux. When the
MM force field exactly reproduces the QM PES, the dis-
tribution of Ug — U, will be a  function. Thus, all the
exponential weights will be identical to exp[(AUgy)/kgT],
where AU is the difference between the zeros of energies
for the MM and electronic-structure PES. It can be easily
shown that for the calculation of any property using
ab initio FEP, the result does not depend on AU,. When the
distribution of Ug — U, is calculated, we choose the
medians of the distributions of both the QM and MM
energies to be zero, thus making AUy = 0. We will refer
to the distribution of Ugr — U, as the FEP relative
energy difference distribution (REDD) in the subsequent
discussions.

When ab initio FEP is applied, an off-the-shelf MM
force field is frequently used without checking the REDD.
In this work, we propose to use AFM to fit an MM potential
to ab initio forces. We demonstrate that the force field fit by
AFM provides a much better description of the QM PES.
The standard deviation of the REDD is much narrower
when an AFM force field is used when compared with off-
the-shelf potentials. The significantly narrower distribution
allows FEP to converge exponentially faster. In addition,
other methods designed to reduce the error of ab initio FEP
can be used together with a customized AFM force field
[58].
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4 Calculation of the static dielectric constant of ice-Ih
with ab initio FEP and AFM

In order to demonstrate the effectiveness of combining an
AFM force field with ab initio FEP, we decided to calculate
the static dielectric constant ¢, of ice-Ih. The calculation of ¢
for ice is notoriously challenging even with an MM potential
[59-63]. Although the dielectric constant associated with
electronic polarization in ice-lh has been determined using
DFT [64], to the best of our knowledge, ¢ for ice-Ih has not
been calculated with an electronic-structure method.

The ¢ for ice-Ih is larger than the ¢ of liquid water. The
large & for ice-Ih can be attributed to hydrogen-bond rear-
rangements under an external electric field. The structure of
ice-Ih satisfies the ice rules: each water molecule in ice will
form four hydrogen bonds with its first-solvation-shell water
molecules. The water will serve as a hydrogen acceptor in
two of the hydrogen bonds and a hydrogen donor in the other
two. For the infinite bulk phase of ice-Ih, there are infinite
hydrogen-bond arrangements that satisfy the ice rules. The
many possible hydrogen-bond arrangements give rise to the
Pauling entropy. While Pauling assumed that all the hydro-
gen-bond arrangements are degenerate, the configuration
energies of various proton arrangements are not identical. In
order to determine &, for ice-lh, these hydrogen-bond
arrangements have to be sampled.

Below the melting temperature, the relaxation time of
the hydrogen-bond arrangements is much larger than typ-
ical time scale accessible to molecular dynamics simula-
tions. While & for ice-Ih has been determined with Monte-
Carlo, it has only recently been calculated in the frame-
work of molecular dynamics with the electrostatic
switching method [60]. However, direct application of the
electrostatic switching method in electronic-structure-
based MD is not feasible. In this work, we calculate DFT-
level & of ice-Ih through the ab initio FEP approach by
developing a force field for FEP with the AFM method. We
choose the Perdew—Wang 91 (PW-91) [65] exchange-cor-
relation functional to provide the -electronic-structure
energy and forces under Kohn—Sham DFT [66].

Before the ab initio FEP calculation was performed, a
customized force field was developed to achieve the best
sampling for the ab initio FEP procedure. In order to
develop such a problem-specific force field, the sampling
step in AFM was performed at simulation conditions
identical to those needed for the ab initio FEP study. In
both cases, we used an orthorhombic simulation box with
the lattice vectors a = b = 9.06 A, c= 1472 A. The
angle between lattice vectors a and b is 120°. The super-
cell contains 32 molecules with a volume of 1,040.96 A3
(Fig. 1). The sampling was performed with the electrostatic
switching method. All other parameters for the electrostatic
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Fig. 1 An ice configuration with 32 water molecules in orthorhombic
periodic box viewed from the top. The dotted line indicates simulation
box boundaries

switching calculation were taken from our previous work
[30]. The sampling was performed at 253.15 K.

A total of 300 configurations were generated for each
generation of AFM. As mentioned previously, the PW-91
exchange-correlation functional was used to calculate ref-
erence forces. Since DFT is fairly inexpensive, we are able
to model the whole box with DFT instead of relying on
QM/MM.

The reference forces were obtained using the Vienna
Ab-initio Simulation Package (VASP) [67-70], along with
the generalized gradient approximation PW-91 exchange-
correlation functional [65]. The core electrons are
approximated with the Vanderbilt ultrasoft pseudo-poten-
tials [71]. A plane wave basis set with a kinetic energy
cutoff of 500 eV was used. The electronic energies are
required to converge to 107> eV before the self-consistent
iterations were allowed to terminate. Atomic forces were
calculated with the Hellman-Feynman theorem [72]. Inte-
gration of the electronic distribution at the Fermi level was
facilitated by the use of first order Methfessel-Paxton
smearing [73] with a smearing width of 0.005 eV. Sam-
pling of the first Brillouin zone was performed using a
discrete 3 x 3 x 2 Monkhorst—Pack k-point mesh [74].

The energy expression for the AFM force field is the
4-point flexible model published previously [30], with
charges only on hydrogen atoms and the off-atom virtual
site. The importance of each term in this force field has
been established with AFM. Only the terms that most
significantly reduce the force RMSE were included [30,
32]. This force field contains 14 parameters; only 12 of the
14 parameters were optimized in this work. The r. and
M-site a parameters were taken from our previous work
and not reoptimized.

Due to the use of periodic boundary conditions, our
current force-matching program does not support fitting
Columbic terms with SVD when the Ewald summation

method [75, 76] is used to model long-range electrostatics.
Therefore, in this work, we used the simplex method in the
fitting step [77]. Since simplex is a nonlinear optimization
algorithm, we do not need to fit charge products as done
previously. The atomic partial charges were fit directly.
Since charge products were not being fit, the last term of
Eq. 1 was omitted.

In order to avoid being trapped in a local minimum,
three random trial moves are performed after simplex
converges' by perturbing each of the converged force field
parameters. This is accomplished by multiplying each
parameter by a random number from a uniform distribution
between 0.9 and 1.1, inclusive. Additional simplex opti-
mizations are performed starting from these perturbed
initial guesses. If the additional simplex optimizations find
a better minimum, the above process is repeated from the
best minimum. The simplex iterations will terminate if no
new minimum can be found after the random perturbations.
We will refer to this variant of simplex method as simplex
with random perturbations. The initial guess for the very
first simplex optimization is always the parameters from
the previous generation of AFM. In our studies, the per-
turbed guesses occasionally lead to a lower minimum. The
optimal RMSE obtained by the simplex with random per-
turbation is in the same range as the RMSEs produced
previously with SVD. Thus, we have good reasons to
believe the true global minimum for the objective functions
can be obtained with our method.

The ice-lh ¢ was calculated by the fluctuation-dissipa-
tion theorem with the formula

& = g9+ —;sz (<M2> — (M>2) (5)
where V is the volume and M is the dipole moment of the
box. The electronic contribution to the dielectric constant
of 1.78 was used as &, [64]. For determination of the PW91
&, the dipole fluctuation and average dipole moments were
determined following the standard FEP method using

<Mi . e*(UA*UF)/kBT>F

(M) = TR (6)
and

W2 _<Mi2.e*(UA*UF)/kBT>F .
< >A_ <e—(UA—UF)/kBT>F ) ()

' It is well known that the simplex algorithm occasionally suffers
from false termination and should always be restarted from the
converged parameters to make sure no further optimization is
possible. In this work, we will not consider a simplex algorithm
converged unless such a restart has been performed to verify that the
final parameters are indeed a minimum.
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Fig. 2 Relative energy difference distribution for each generation of
AFM. The medians of PW-91 and force field energies are set to be
zero. A number of 300 configurations from each generation were used
to produce this figure. The final generation was fit to a Gaussian
distribution (black curve) with a standard deviation of 3.2 kgT. The
area below each curve was normalized to one

such that the ab initio dipole moment M of configuration
i is reweighed according to the potential energy difference
Ua — Uk, where Uk is the force field energy and U, is the
DFT energy.

The DFT dipole moment was determined using the
Bader’s atoms-in-molecules approach [78] via a modified
version of the Bader module [79-81]. Both the partial
charge contribution and the first moment contribution to
the dipole moment were calculated [82, 83]. The molecular
dipole moment determined by this method does not depend
on the partitioning between different atoms of the same
molecule and is rigorously correct as long as the Bader
surfaces between molecules are properly determined [82,
84]. Our calculation with a single water in a periodic box
produced a dipole moment of 1.84 D following this
approach, in excellent agreement with the experimental
dipole moment of water [85].

The initial guess for AFM was the BLYP-SP; model
published by Wang et al [34]. Figure 2 plots the REDD for
each generation of AFM. We note that only the PW-91
forces were fitted in AFM; the relative energies were only
used to calculate the REDD and not fitted. As mentioned
previously, the medians of the energies were set to zero. If
the force field created by AFM correctly reproduces the
PW-91 relative energies, the distribution in Fig. 2 will be a
o function centered at zero. It is clear from Fig. 2 that
standard deviation of the REDD, the relative energy
RMSE, quickly reduces for each generation of AFM and
converges to 1.6 kcal/mol after generation 2. The fast
convergence of AFM was observed in all previous works
[30-34]. After convergence, the relative energy RMSE of
1.6 kcal/mol is 3.2 kgT at the sampling temperature of
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Table 1 Parameters for the PW91-Ice; force field

Parameter Value Parameter Value
Owm (e) —1.484 re (A) 0.964
qu @) 0.742 k> (kcal/(mol A?)) 1,170
Aoo (kcal/mol) 239,000 k3 (kcal/(mol A%) —4,540
o (A™h 4.06 ks (kcal/(mol A%) 7,610
Coo (kcal A%mol) 1,020 0, (°) 106.73
Ay (kcal A*/mol) 82.5 ko (kcal/(mol rad®)  81.06
0.30 1

& PW9l-Ice,, 0 =3.2
] ©-TIP4P, 0 = 8.6
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Fig. 3 Relative energy difference distribution of the PW91-ice; force
field developed with AFM and several off-the-shelf models. The
medians of PW-91 energies (Upwo1) and force field energies (Ugr) are
set to be zero. A number of 3,600 configurations sampled with PW91-
icer are used for each force field. The standard deviation, ¢, in unit of
kgT is reported with the legend. The area below each curve was
normalized to one

253.15 K. This is a significant improvement over the initial
guess, which gives a relative energy RMSE of 4.9 kcal/mol
(9.7 kgT) for the REDD.

The converged AFM force field will be referred to as
PWOl-ice;. The parameters for this potential are summa-
rized in Table 1. A number of 3,600 configurations are
obtained with the PW91-ice¢ potential. The REDD for the
3,600 configurations is plotted in Fig. 3; the relative energy
RMSE for these configurations is 1.59 kcal/mol (3.2 kgT),
in perfect agreement with that estimated with the 300
configurations. The REDDs for selected off-the-shelf
models, Simple Point Charge/Flexible Wu (SPC/FW) [86],
Transferable Intermolecular Potential 4 Point (TIP4P) [87],
TIP4P/2005 [88], Dang-Chang 97 (DC97) [89], and
Transferable Intermolecular Potential 5 Point (TIP5P) [90]
are also reported in this figure. SPC/FW is a flexible 3-site
model. TIP4P and TIP4P/2005 are rigid 4-site models with
the TIP4P/2005 model specifically optimized to reproduce
the melting temperature of ice-lTh and heat of vaporization
of liquid water. DC97 is a polarizable but rigid 4-site model.
TIPSP is a rigid 5-site model fit to reproduce the density
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maximum of water. Compared with the customized force
field PWO91-icey, the off-the-shelf models perform signifi-
cantly worse in reproducing the PW91 relative energies.
The TIP4P and TIP4P/2005 models give relative energy
RMSEs of 4.3 and 4.4 kcal/mol, respectively. The DC97
model produced a relative energy RMSE of 5.2 kcal/mol.
The fact that the polarizable DC97 model is slightly worse
than the non-polarizable TIP4P is somewhat surprising.
TIPSP produces a relative energy RMSE of 4.9 kcal/mol.
The TIP5P model being slightly worse than TIP4P is not
surprising. Although the ice-lh melting temperature of
TIP5P water is close to the experimental value of 273 K, it
has been established that TIPSP predicts ice-Ih to be meta-
stable. The most stable phase for the TIPSP model at 273 K
is ice II [91, 92]. The three-point SPC/FW model performs
significantly worse, giving a relative energy RMSE of
7.2 kcal/mol. This is in agreement with the common
understanding that a 4-site model is generally better than a
3-site model at describing the solid phases of water.

As mentioned previously, the weight of each micro-state
in ab initio FEP depends exponentially on the relative
energy difference. The AFM model produces a standard
deviation of 3.2 kg7 for the REDD, which is significantly
narrower than the 8.6 kgT standard deviation of the best
off-the-shelf model tested. The convergence of the FEP
calculation is thereby improved by approximately a factor
of ¢™* =221 with the AFM force field. We note the
development of the AFM potential only incurred a fraction
of the cost of the ab initio FEP.

The & of PW-91 ice-Ih was calculated to be 80 = 4,
slightly lower than the experimental value of 99.4 [85]. The
conclusion that PW-91 underestimates ice-lh ¢ by about
20% supports the general belief that common DFT func-
tions are insufficient for modeling the strongly hydrogen-
bonded ice and water [93-95]. DFT tends to predict a
liquid water structure that is too ordered under constant
volume conditions [96-98]. At the same time, popular DFT
functionals overestimate the ice-lh melting temperature
[99-101], underestimate liquid water density [93, 102], and
overestimate ice density [103, 104].

Figure 4 reports the dipole moments of individual water
molecules predicted by PW-91, the PW91-ice; force field,
and the DC97 potential. The average water dipole moment
is 2.55 D according to PW-91, which is also about 20%
smaller than an estimate of 3.09 D based on a recent self-
consistent induction model fit to experimental multiple
moments and polarizability [105]. Since the &, scales lin-
early with the square of dipole moments, it is possible that
the 3.09 D estimate is too high. Given that ice-lh is a
crystal, the large variance of the water dipole moment
distribution is noteworthy. As seen in Fig. 4, the most
polarized water has a dipole moment of about 3.1 D, and
the least polarized water only has a dipole moment close to
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the 3,600 ice configurations is represented as a point in this scatter
plot

2.0 D. The PW9l-ice; force field provides a very similar
distribution of dipole moments centered around 2.55 D.
This is very surprising considering PW9l-ice; is not a
polarizable model. Figure 5 shows a scatter plot of each
water’s dipole moment versus its HOH angle. Each water
molecule in the 3,600 configurations is represented as a
point in this figure. It is clear from Fig. 5 that the HOH
angle is strongly anti-correlated with the dipole moment,
allowing a flexible model to reproduce a dipole moment
distribution similar to that of PW-91 waters by varying its
angle.

The DC-97 model predicts a larger average dipole
moment at 2.87 D but produced a smaller ¢ of 75 = 1 at
253.15 K. This is caused by DC-97 not producing the
correct ensemble weight for the various micro-states.
The DC97 water model has a monomer polarizability of
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1.44 A3, which is identical to the experimental polariz-
ability of water in gas phase. Since the PW-91 polarizability
of water in gas phase was calculated to be 1.55 A’[104], itis
somewhat surprising to see the induced dipole moment for
water in ice-Ih is actually lower for PW-91.

We also calculated the ice-Ih & using the AFM-ice
model without FEP. With the same 3,600 configurations,
the & was determined to be 56.4 £ 0.4. The error bar is
noticeably smaller. This is due to the finite width of the
REDD. The FEP weight makes the statistics poorer with
the reweighting. The & estimate with the PW91-ice; force
field is significantly lower than the PW-91 functional.

Two contributions cause the &, estimated with the force
field to be different from that obtained using FEP. The first
contribution is due to slightly different Boltzmann weight
in the equilibrium ensemble. The second contribution is
from the difference in box dipole moments predicted by the
PW-91 and the unpolarizable force field. We will refer to
the two contributions as the Boltzmann contribution and
the polarization contribution.

In order to disentangle the two contributions, the re-
weighted PW91-ice; ¢ is reported in Table 2. This quantity
was obtained by using the force field dipole moment but
reweight each configuration to have the same Boltzmann
weight as the DFT method. The reweighted PWO91-ices
model predicted an ¢ of 76 & 7, which is in good agree-
ment with the PW-91 estimate. The contribution due to
polarization is thus only 4. Figure 6 reports a scatter plot
where each point is one of the x, y, and z components of
the dipole moment vector. The x-axis of each point is the
PW-91 dipole moment component of the box and y-axis is
the corresponding component of the PWO9l-ice; dipole
moment. All of the points are very close to the diagonal
line, indicating the PW91-ice; model is doing a very good
job at reproducing the PW-91 box dipole moment. The
RMSE of the dipole moment component is about 1.1 D,
which is significantly smaller than the 13 D root mean
square dipole moment for each component of the simula-
tion box. Not surprisingly, with the DFT dipole moments
and the Boltzmann weight of the force field, an & of 58.3 is
produced. Compared with a value of 56.4 obtained with the
force field dipole moments, the polarization contribution is
again negligibly small.

It is worth commenting on the small 32-water box size
used in this study. Potentially a finite size effect could skew
the & measured with the DFT method. It has been estab-
lished previously that a 128-water box predicts the same &g
as a 300-water box with a non-polarizable model [60]. We
reinvestigated the finite size effect with the DC97 polar-
izable model. The &g calculated with the 32-water box is
75 £ 1, while 300 configurations using a 300-water box
give a ice-lIh & of 74 £ 1 at the same temperature. This
indicates that a 32-water box is indeed sufficient.
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Table 2 Static dielectric constants of ice-Ih for PW-91 and MD force
fields at 253.15 K

PW-91 PWOl-ice¢ Reweighted PW91-ice¢ DC97
& 80 + 4 564 + 04 76 + 7 75+ 1
The experimental & is 99.4
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Fig. 6 Box dipole moment component scatter plot. Each component
of the dipole moment vector is plotted separately. The y axis is dipole
moment components produced by the PW91-ice; force field, the x axis
is the dipole moment components calculated with PW-91. The root
mean square error of the dipole moment components is 1.1 D

In our previous work, bifurcated hydrogen-bond defects
were reported in ice-Ih at temperature as low as 200 K. It
has been argued whether such a hydrogen-bond defect
could be an artifact of the force field [60]. With the more
accurate PW91-ice; model, one hydrogen-bond defect was
detected from the 3,600 configurations sampled at
253.15 K, indicating such hydrogen-bond defects are likely
to be real.

5 Summary

Ab initio FEP is a powerful method for obtaining electro-
nic-structure-quality thermodynamic properties with sam-
pling performed by inexpensive MM force fields. It is
demonstrated in this work that creating a customized force
field for ab initio FEP with AFM significantly accelerates
the convergence of ab initio FEP, thus making ab initio
FEP an even more powerful method. The PW-91 ¢ of ice-
Ih was calculated through ab initio FEP. The customized
force field created with AFM produced a REDD with a
standard deviation of 1.6 kcal/mol. This compares favor-
ably with a standard deviation of 4.3 kcal/mol at 253.15 K
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produced by the best off-the-shelf model tested, TIP4P.
Such an improvement of the REDD makes sampling 220
times more efficient with the AFM force field than with
TIP4P for ab initio FEP.

In this work, the number of electronic-structure calcu-
lations used for the development of the force field is a small
fraction of the number of electronic-structure calculations
used for converging the ab initio FEP. The savings from
improved sampling decisively outweighs the cost associ-
ated with developing the AFM force field.

The PW-91 method predicts a gas phase water dipole
moment of 1.84 D, in good agreement with experimental
measurement. The PW-91 average water dipole moment in
ice-Ih is predicted to be 2.55 D. The PW-91 ¢ for ice-Ih is
determined to be 80 + 4, underestimating the experimental
estimate by about 20%. It is a pleasant surprise that the
non-polarizable force field developed through AFM is able
to reproduce the dipole moment distribution for the PW-91
reference method for the ice-Ih configurations. This is
achieved through the flexible HOH bond.
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